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A WAVE-GUIDE MODEL FOR TURBULENT SHEAR FLOW

By Marten T. Landahl¥*
McDonnell Aircraft Corporation

SUMMARY

A theory is presented in which the pressure fluctuations in a turbulent
boundary layer, or other almost parallel shear flow, are expressed in terms
of integrals involving squares of the fluctuating velocity components. The
analysis indicates that the resulting disturbance will be dominated by shear
waves, i.e., the mean shear flow acts as a wave gulde for the disturbances
created by the turbulent breakdown. The wave propagation constants can be
obtained by solving a modified Orr-Sommerfeld stability problem for the
turbulent mean velocity profile. From these propagation constants one can
then determine statistical properties of interest, e.g., how the cross-
power spectral density varies with distance.

INTRODUCTION

Despite the considerable efforts devoted to the study of turbulent
boundary layers and other shear flows in view of their great engineering
and scientific interest, the inherent complexity of the phenomenon of non-
isotropic turbulence has made theoretical progress very difficult.

The mixing-length hypotheses introduced by Prandtl (Reference 1) and
extended by Taylor (Reference 2) and von Karman (Reference 3) have been
successful in predicting, within empirical constants, the mean velocity
distribution. Efforts to explain the observed behavior of the random
velocity and pressure fluctuations have been less successful. The majority
of papers published on the subject, to date, are variations on the approach
suggested by Lighthill (Reference L) for treating the noise from a tur-
bulent jet. In this, the Navier-Stokes equation is written as a Poisson
equation with the non-linear (Reynolds stress) terms and shear inter-
action terms treated as source terms (or rather, multipoles). Such an
approach has been tried by, among others, Kraichnan (Reference 5) and
by Lilley and Hodgson (Reference 6).

An interesting theoretical approach to a turbulent shear flow was
presented by Malkus (Reference 7). He hypothesized that the velocity
fluctuations must be selected within that class of marglinally stable
fluctuations which gives maximum viscous dissipation, and that the
smallest allowable scale of motion is determined from the condition of
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stabllity. In this way he was able to predict a mean velocity profile for
two-dimensional channel flow which was in good sgreement with experimental
observations.

The recognition that hydrodynamic stabllity plays a fundamental role
for the structure of a turbulent boundary layer is, in the opinion of the
present author, very important and deserves careful study. In the present

report, an effort 1s made to relate the statistics of the pressure fluctua-
tions in a turbulent shear flow to the stability characteristics of the flow.

The letter symbols used herein are defined in the appendix.

BASIC FORMULATION OF PROBLEM

We will consider a parallel, two-dimensional and incompressible flow
field of the form

-— —
Q = 1U(y) (1)
upon which is superimposed an unsteady perturbation field

a(x,¥,2,t) = Tu+jv+Ew (2)

- =
After substituting Q + q 1into the Navier-Stokes equations and substracting
the time average part, we obtain

g%+U%-;+vg% = -%'%-}-szu

1 (ot o1XY orXz

+T7'<dx +?y + az> (3)
ov ov 190 2 137 oY od1yz
Fb'+U5_i = -33§+Vv V+F(Bx +3y +3z> (4)
ow d 19 2 1 [3+%% oY% o+
5t * U 5% =‘33§+"V"+3<Bz+ay+6z (5)



2 2
where X = p(0 -u)
XY = p(a¥v - uv)

*%2 = p(UW - uw) ¢
Y = p(F° - v9) (€)

Wz = p(V - vw)

22 = p(W - o)

and the bar denotes time average.

In obtaining (3) - (6), the continuity equation has been used which,
for the fluctuating part, reads

) o
g}xl.}.%.’-s-‘zi: 0 (7)

We will nov derive from (3) - (5) and (7) a differential equation for p
treating the quantities in (6) as known. First, we write (3) - (5) as
follows:

L) +v 8 o 2P (32)
L(v) = - %. gf; + 17 (ka)
L(w) = - %_ g‘E + 7% (5a)

where the differential operation L is defined by

2
L=%+Uaa;-uv (8)

and the stresses Tx, ™5 and T are given by the last bracketed terms in
(3) -~ (5). Now we differentiate (3a) with respect to x, (4a) with respect
to 7y, and (5a) with respect to 2z, and add them. Using (7), we then find



ov & or*  3p¥  orf
V2p = -ZPF;I Fy- +P(8?-E— + 3;- + 8':—) (9)

This is the form employed by Kraichnan (Reference 5) and Lilley and Hodgson
(Reference 6). These authors considered the right-hand side of (9) as
known and then treated it as a Poisson equation. However, the first term
on the right-hand side is linear in the disturbance quantities and should
therefore be treated like the term Vep. We therefore take the x-derivative
of (4a) to obtain

v 1 o° oY
L(g';)" -7 59y * 5% (10)
Also, we divide (9) by U' = dU/dy and apply the L-operator. This yields
ov or* opY or®
In this, we substitute L<g§) from (10). Hence

2 y x N z
L(Vp/u?) - 2% = - 2pg-§—+ pL[(gi +g'§ +g']z" )/U'] (12)

This is now in a form that has all the terms which are linear in the pertur-
bation pressure on the left hand side and all the quadratic terms on the
right hand side. We may simplify it by neglecting terms like

L(U') = -vym (13)

which are negligible for the extremely small values of viscosity of interest.
Also, an allowable approximation should be

or* oY or%\ _ /3 d ( 37X  dpY  or?
L(ax + 3y +az)‘(EE+US'x> 3% * 3y +az) (1)

since the neglected terms involve a product between the viscosity and quad-
ratic terms. On the other hand, we may not be able to neglect terms like
uvhp, since such terms may be of importance in regions where p changes
rapidly. Thus, we finally obtain




2
(aa—t +U aé-x) ¥p - vWp - 2 U 2—,—5; = a(x,¥,2,t) (15)

where
3 d or*  dpY  or? -
q= p(Tt'”’S'x)(B"{ * 5y +3—z) -2p U'—-B}T( (16)

The boundary conditions may be derived from those for the velocity fluctua-
tions. Considering the case of a boundary layer, we have

u=v=w=0 for y=0 and y=ow (1)

From (9) and (17), and the definitions of TX, T and T%, it then follows
that

(Fp) 4 = © (18)

A second boundary condition on the surface may be obtained by differentia-
ting (9) with respect to y. This gives

e} ) 3%y
(5—:’: VZP)FO = =2pU (0) (m) =0 (19)

Now, according to the equation of conmtinuity (7) ana (17)

ov ou oOw
), - (s, -
y=0 y=0

Hence

<§-;, vzp)Fo - o (20)



In addition, perturbations must vanish far away from the surface so that
P=?=0 for Yy = . (21)
Yy

The boundary conditions (19) - (2L) are sufficient to determine p(x,y,z,t)
uniquely for a given q(x,y,z,t). In the case of a free shear flow the
appropriate boundary conditions are (21) for y= 1w .

The boundary value problem defined by (15) and (19) - (21) may be
attacked by using Fourier transform techniques. For convergence purposes,

assume that p =0 and g =0 for [x |, | 2 | and | t | greater than
X, Z, and T, respectively, these being large numbers. Then define

P(y) =f]°f e-1(wt + kyx + k,z) p(x,¥,2,t)atdxdz (22)

whereby the boundary value problem takes the following form:

_ _ 2 _ _
1(ka+w)(?"-k2§)-u<22-k2)2ﬁ-21kxu'?' =Q (23)
y
P"0) - k> B(0) = O (2ka)
Prr(0) - k¥ P0) = O (2kb)
Fi(@) = Blw) = O (2he)

Here k2 = kx2 + kz2
and .a(y) is the triple Fourier transform of q . The coumplete solution
may be built up as a sum of a particular solution and the solution of the
homogenous equation

, prime denotes differentiation with respect to y ,

1(ky U + 0)(P" - k2 F) -u<d2 - k2)2:1> -2i Kk, P' = O (25)
ay®

This possesses four linearly independent solutions. For large y , for
which U(y) = U, = const , they behave like



= Tky
P2 = e (26a,b)

- = 1(ky Uy + @
P3,h = e”\/ ( X ) . 2 (27¢,d)

Of these, P; and 'fé decay for large distances whereas Po and P) grow.
Py and Pp vary relatively slowly through the shear layer ("inviscid" solu-
tions) whereas P3_and Py _vary rapidly ("viscous" solutions). The slowly
varying solutions P; and P2 may be obtained to a good approximation from
the "inviscid" equation

(ky U+ w)(P" - k2 P) - 2k, U' B* = O (28)

However, special care in applying (28) must be exercised when kx and w
have opposite signs, because then there may be a point y = y,.,

for which ky U + w = 0, and the equation thus becomes singular. It is
known from hydrodynamic stability theory that the inviseld solutions are
not given uniformly by the asymptotic form (28) for » — 0 1in the whole
complex y-plane but only in the sector (see Figure 1) (assuming kyx > O,

w {0).

-Tx/6 < arg (y - yo) < =/6

outside a region of radius

|y'yc|= € (29)

where € = O(:fl/3) , (Reference 8, page 127). Viscosity will therefore
always be of importance even in the limit of v —> 0, in a sector and region
around the point y = y.. In addition, one of the viscous solutions (in
this case, P3) will be needed to satisfy the no-slip condition at the wall
but will be important only near y =~ 0. Outside these regions, however,

the inviscid equation (28) should describe the flow accurately.

To obtain an approximate particular solution of (23), it should there-
fore be sufficient to consider the inviscid form

O

(ky U +0)(B", - k2 B) - 2y U F"P = -1 (30)



A solution is given formally by

i} ) / Qyy) [Puly) Poly) - Bolyy) Br(w)]
(kx U + w) A(yy) w1

(31)

where A(y) 1is the Wronskian:
L = ;2 ;'l - ;'2 (32)

To obtain A we differentiate (32) with respect to y and use the differ-
ential equation (28) to express the second derivatives in terms of the
function and its first derivative. This yields

aa 2kyx U?
dy kx U+ w 8

from which it follows that
2
& = C(k,U + w) (33)

where C is a constant. For positive ky and negative w such that'lw/kx l< 1,
the integral in (30) will thus have a pole of order three. 1In carrying out
the integration, it is necessary to consider the Stokes phenomenon (29), so
that the path of integration must be extended analytically into the complex
y-plane in such a way that it passes only through regions in which the
asymptotic solution for P; and Pp are valid. Thus, the path must encircle
the critical point y. below it

In(y)
Region in which (28)
is not valid
1r/6
—_— e — —_— / — —Re
S

Figure 1. Region of Validity for (28) and Path of
Integration for (31) and (34) (for kx > 0, w 0)



(see Figure 1). Assuming that a and its first two derivatives are finite
everywhere the integral will be convergent. For negative ky and positive
W the conjugate path must be taken. .

An alternative form may be obtained through series expansion about
Y = Yoo This ylelds

= i d _§_ 1 5c
Pp =2y, [Ei (U')]c *omgur (V- Y

+ 1 Bo(y) / (hx U + “’)AQ?;ZJ)-) Py(yy) .

Y

Y = =
+ 1 Py(y) / (ky U +w) Qi(y1) Polyy) .
0 & (v) (34)

where index c¢ refers to conditions at y = y, and where

_ = = |u u'e K2
Q - i{Q-Qc 07, "o 2 (Ut o)+ a g (7ve) (i)

_-Ex—U—"’: (ka+m)}/(ka+oo)2

O

(35)

The range of integration has now been modified in such a way that P will
vanish for y-»w . Provided 5'(y ) and Q"(yc) are finite, Ql is
continuous at y,, and the singularity in the integral thus is of the
simple-pole type. Here, again, the path of integration must be extended
analytically as shown in Figure 1. One can show that the integrals give a
contribution of order (y - Yo )3 1n(y - Yo ) near y.,. When y, is

small, the first two terms of (3h) alone would probably constitute an
acceptable approximation. Equation (34) emphasizes the importance of the
disturbances near the critical region.

Since §p as given above vanishes for y —w, a complete solution for
the pressure Fourier transform that vanishes at infinity is given by

P = 01 ;l +C3 §3 + ;p (36)



Applying the boundary conditions (2ha) and (24b), we obtain

am =(a~° BB - P §§,e—°;.3)ro

= (37)
VB,V By -F B 7 B
1 1
D y=0
where
= — = ...2: —2: .—2:
(y) = vzplv P'3 -V P3V PY (39)
and
L _ 4 2
v = e .k )40
- (k0)

This can be simplified considerably by remembering that, since P is a
rapidly varying function, the highest-order derivative of P, wi dom=-
inate in any of the above expressions in the limit of v — 0, In fact, one
may conclude from hydrodynamic stability theory (Reference 8) that

Bry/By = o(k/v )3 = o(Frry/En)

Also, from (28) and (3h)_and the fact that E(O) and Q'(0) are zerc, we
can show that for both Pl and Pp the following formulas hold:

(7 By = 2k, U'(0) B'(0)/u (k1)

b - (B0 )0 ehof o

By substitution into (37) and (38) it then appears that the viscous solution
gives a contributiop to (36) which is of order (V/k)1/3 compared to the
contribution from Pl and hence may be neglected. The result for the
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pressure on the surface may then be written as follows:

kgt'(0) yr (0)
P(0) = B (0) )1 [z PrplO) - (P"3(°)/§" 3(°)><"—' B UORES ’L—)

P'p(0
P(o) 3
(43)
where
= _Pn0) ). B"30) |k00) uno)  , Fa(0)
S Y R 2o I O i v ()

Here some terms proportional to B" P"' have been retained although this
ratio is of order (v/k)1/3 and t eref re small. The reason for this is
that is multiplies the factor kyU'(0)/®w which may be very large. This can
happen when the critical point is close to the surface. Using as an approx-
imation the first two terms of (34), we obtain that

k* Bp(0)/Brp(0) = 2[7% < 2 ag)] . (45)

which is of order unity. When |k,U'(0)/w| is large, this term may therefore
be neglected. On the other hand, when |k U'(0)/w| is not large, the whole
term proportional to P"3(0)/P"' (0) may fe neglected altogether. Thus

(43) may be simplified further to

_ _ kxU'(0) U"%o)
1- (f'"3(0)/1—"" 3(0) ( w o 0)

B(0) = Py(0) - F1,(0) 5 (46)
From (31) one may obtain Fp(o) and §'p(o). Thus
2o (o) = 1 f &(y1) [FL(vn) B'200) - Folyy) B1,(0)]
? Y (kx U + w)a  (y7) a1 (¥7)

For w/kyU'(0) _small in megnitude and negative we may use (34) to approxi-
mate P(O) and P'p(O). Thus

11



- 1 la (8§ 1Qc ¥
F(0) = 2 [3; (ﬁ‘?)]c - -z-g%.—c +0(y3 fn y,) (48)

= 1Q
P15(0) = o * 0(y.2 In ye) (49)

From the solution for P(0), (46), we may, finally, calculate statistical
properties of interest. Thus, the cross-spectral density SP(¢, ¢, w)
for the surface pressure in two points, separated by the distance ¢ in
the x-direction and by ¢ in the z-direction, is obtained from

= 2}

SP = 1im (E—lm,f) COL f / |5(0)) 2etliex £+ 25 §) e ac, (50)

00 =00
X,Z2, T—»x

It is possible to write this in form of a quadruple integral involving the
power spectral density S9 of the "source term", q, but little will be
gained by this at present.

THE IMPORTANCE OF EIGENVALUES ~ WAVE-GUIDE MODEL

We have in (50) an integral relation that would in principle allow us
to calculate the cross-power spectrum for the pressure, p, if the appropriate
statistical quantitiee of the velocity fluctuations were known. The formid-
able complexity of (50) would, of course, in practice preclude its use in any
such calculation. Nevertheless, its mathematical structure can give us
important mathematical and physical insight into the problem.

Experiments show that the pressure fluctuations in a turbulent boundary
layer is only a small fraction, €, of the free-stream dynamic pressure with
€ being of the order of a few percent. It is evident from the equation of
motion (3) - (5) that the velocity fluctuations must be of the order € times
the free stream velocity. The non-linear driving strﬁss term q will thus
be of order €2 and |P(0)|2 conse%uently of order Thus, (50)
expresses SE a quantity of order , in form of an integral of a quantity
of order . The only way such an expression can be meaningful is that the
integrand is highly singular so that the integration introduces a factor of
order 2. In the absence of singularities of Pp(0) ana Pp(0), such would
be the case if O has zeros on or near the real kx-axis, because then the
integrand will have a double pole (see (46)). Let these zeros be located at

12



where each zero (eigenvalue)

is a function of k, as well as of W, v, and the mean velocity distribution,
and whose imaginary part for reasons of convergence must be assumed to be
negative. Near an eigenvalue, the denominator X varies with ky approxi-
mately as

B ¥ Kplkye - o) (52)

where Kp is a (complex) constant. Substituting (52) into (46) and then
into (50) and carrying out the integration over ky pest the double pole
under the assumption that the magnitude of Qpny is small, we obtain

1

[+ 2}

8P =~ Z ia T 0 { 53)
= n j—__(—)_lanx ) z (53)
=00
where
P"2(0) [k, 0'(0) yn(o) \|?
0 (o)|21 - F73(0) A 11 (4 Ky=opp (k2)
Ap = lim A p\iy 3 ) °x (54)
X,2,T—>o0 (8XZT)IKn|2

It is anticipated from the results of hydrodynamic stability theory that for
the eigenvalues, y. will be small (and positive), so that (49) will con-
stitute a reasonably accurate approximation for F'p(o). Then (54)
simplifies to

8e*(cnmy ¥2) P"3(0) (ka'(O) u"(0)
Ay = hagr® (U')2|Ky|2 1-3 30\ w T T ) K=o (kz)
(55)
where
a 1 z |2
S.d (grs kg) = lim (Bx?f) Q, (56)
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is the double Fourier transform of the power spectral density of the driving
source term for pairs of points at the distance Yy, from the surface. Here
Yo 1s defined as the value of y for which

-w/anR = U (57)

If |"nI| now is smell, of the order of the square of the disturbance
velocities, SP may become of the order of the disturbance velocities

square, despite the fact that Ap is of the order (disturbance velocity)h.

The following physical interpretation thus emerges: Equation (53) repre-

sents a random pressure field obtained by superposition of waves of random phases
with propagation constants gilven by ¢1n(kz;(u) and wave fronts oriented

at an angle

6 = tan™t EZ__ (58)

to the free stream. Hence the boundary layer acts like a wave guide to the
random pressure pulses that are created through the non-linesr breakdown of
turbulent eddies. Thus, the main contribution will come from those wave
modes that are poorly attenuated and consequently may accumulate over large
distances.

It 1s suggestive that the driving term for each wave number involves
predominately the disturbances at the distance Yy, from the surface for
which the mean velocity in the boundary layer is equal to the wave velocity.

In order for the turbulence to sustain itself, the present analysis
requires that | any| must be small. Hence, a turbulent boundary layer
should have a small stability margin for a range of frequencies and wave
numbers. This conclusion differs slightly from Malkus® (Reference 7) hypo-
thesis, slince he assumed that there should be neutral stability over a range
of wave numbers.

Although no conclusion can be drawn for (53) regarding the variation
of SP with lateral separation distance, { , without knowledge of how the
residue term A, varies with k, (which is not available from the present
theory) one may still use it for determining to & reasonable approximation
how SP varies with streamwise separation distance, & . Consider the
averaged values

oo

SP(t) = / SP(&,{)dar (59)

~«00

Then, making use of the theory of Fourier transforms, we find that



In other words, only k; = O needs be investigated. For a boundary layer
without an Inflexion point there is likely to be only one lightly damped
eigenvalue oy = agp + iajy for each value of w and k;. Hence

gf_(s_)_ ~ eiEaR(O) + |£|an1(°) (61)
5,(0)

Now, it is likely that the {-dependence does not vary greatly with § so
that, approximately,

sP(£,0) _ BP(E) _ 1fag(0) + |£] ag(0)
sP(0,0) BP(0) (62)

Hence the variation of the cross spectrum with streamwise distance for zero
lateral separation distance is determined approximately from the propagation
constant for the least attenuated mode.

RELATION TO THE HYDRODYNAMIC STABILITY PROBLEM

The reader famillar with the theory of hydrodynamic stability will have
noticed that the eigenvalue problem defined by (24) and (25) is really
nothing but the classical hydrodynamic stability problem in disguise. To
show this, introduce in the usual fashion non-dimensional distances referred
to the boundary layer thickness, velocities made dimensionless through
division by the free-stream velocity (hence U(y) = 1 for y > 1), and

ky = «
kz = B
w = -ac (63)
In addition, set
V¥ = 2220y (¥) (6k)
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Then, by applying the operator V2 = d2/dy® - (a2 + B2) to (23), it
reduces (after omission of some unimportant terms proportional to

»V2 ur(y)) to

-0 [0 - (a?+ BD)O] -U" O -
1 @ 2 a2y12
with the boundary conditions

®(0)

\
O

¢'(0) = (66)

"
o

P(o) = P*() (67)

Here R 1is the Reynolds number based on boundary layer thickness and free-
stream velocity. Equations (65) - (67) define the classical Orr-Sommerfeld
problem for the stream function ¢ exp [1a(x - ct) + 1Bz] for the
stability of an infinite wave of wave numbers a and 8, and phase velocity
c. A considerable amount of literature exists on this problem (Reference 8).
In the preceding analysis, this informwation has already wade specific use

of, in particular for the general behavior of the four linearly independent
solutions as R—»>o0,

The present problem differs from the classical one in that we here seek
a complex eigenvalue ap for real frequencjes o = - c, whereas in the
Orr-Sommerfeld problem a complex wave speed, c, for real wave numbers is
sought. When the eigenvalues are nearly real, there exists a simple rela-
tionship between the two cases (Reference 9 ). Only the case 8 = O need
be specifically treated since the results for g f O may be obtained from
this case by Squire's (Reference 10 transformation.

Although the methods developed for the laminar stability problem should,
in principle, be applicable to the present problem also, there are important
differences which in fact require substantial developments before numerical
values of the eigenvalues ¢1n(w) may be obtained. Apart from the necessity
for considering complex wave numbers, these will in the present problem be
typically of the order of ten times larger in magnitude than in the laminar
stability problem. The Reynolds number will also be extremely large,
typically of the order 105. It is not clear whether this would Jjustify
neglecting viscous terms altogether because of the large velocity gradient
near the wall. Finally, the mean velocity profile is highly curved near
the wall, a complication that does not normally arise in the laminer
stability problem. It is therefore likely that a purely numerical approach

16



would have the best chances of success. Even this will be beset by diffi-
culties concerning numerical stability and accuracy due to the extremely
large parameters appearing.*

DISCUSSION AND CONCLUSIONS

The basic idea introduced in the present report is that the turbulent
fluctuations in a boundary layer may be represented by a superposition of
shear waves of random phase and orientation, each triggered by the non-linear
interaction of the fluctuating velocities themselves. Since a parallel shear
flow may admit wave propagation modes that are very lightly demped, =a
triggering effect that i1s of the order of the square of the velocity fluc-
tuations is sufficient to maintain a fluctuating field of an order of mag-
nitude greater than the "triggering stresses" themselves, thus making the
turbulent field self-maintained. The basic physical mechanism that makes
this possible 1is, of course, the hydrodynamic coupling to an infinite source
of energy, namely the free stream.

The propagation constants for the shear waves are obtainable from the
solution of a modified Orr-Sommerfeld stability problem. Knowing the wave
length and attenuation coefficient for each frequency, one can then deter-
mine statistical propertles of interest like cross-power spectra for the
fluctuating pressures. These expressions contain cross-power spectra of
quadratic combinations of the fluctuating velocities themselves, which
are, of course, not known beforehand. However, it is demonstrated that
results of practical interest can nevertheless be obtained like how the
cross-power spectra vary with separation distance. The absolute magnitude
of the pressure fluctuations cannot be directly obtained from the present
theory since this depends on the non-linear turbulent breskdown process which
is not specifically considered.

There are several of the specific assumptions made in the analysis
that need to be carefully investigated. The assumption of a parallel shear
flow is probably failrly good as regards the determination of the wave
propagation constants. However, if an individual wave persists over a
distance over which the shear layer thickness may vary substantially, this
variation must be taken into account in determining the total disturbance
in one point, and the simple statistical analysis employed which assumed
homogenity in the x-direction, will not be valid. One case for which this
is apparently so is for a shear flow profile with an inflexion point (as
would be obtained for a boundary layer in a strong adverse pressure gradient).
Then there would be frequency ranges in which the wave propagation constant
has a negative imaginary part, i.e., the wave will be unstable. According
to the simplified analysis employed here, the total fluctuation will become
infinite since there will be contributions from waves originating at upstream
infinity with consequently infinite amplification. This obviously meaningless
result is due to the neglect of variation in shear layer thickness. When

* An initial unsuccessful attempt to apply a computational program that has
worked well for the laminar stabllity problem confirms this.
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this variation is taken into account one finds that an unstable wave of a
given frequency will, as the shear layer grows, eventually travel into a
stable region, and any given point will therefore in reality receive ampli-
fied waves only from a limited region. A statistical analysis of such a
case would, of course, be considerably more complicated than the present one.

A particularly difficult question to answer is whether the Orr-Sommerfeld
equation (or the counterpart for pressure presently used) is really appropriate
to use for determining the wave modes in the present turbulent case. The
fluctuations will "smear out" the critical lsyer, and, in view of the impor-
tance of this in stability theory, there remains a question whether a linear
equation is adequate for describirng the intricate behavior of this region.
Similarly, the assumption of a smooth variation of the quadratic "source
term" through the critical region for each wave number made in the
analysis needs investigation considering the large derivatives of the
elgenfunction for the u-perturbation velocity predicted by the stability theory.

Finally it is conceivable that turbulence is maintained by a much more
intricate process than proposed in the present simple model. For example,
the main mechanism could be a weak non-linear interaction between distur-
bances with a cumulative effect over large distances, but here again it is
likely that the travelling wave modes will play a dominant role.

The present investigation points up the desirability for a careful
investigation of the stability characteristics of a turbulent boundary-layer
velocity profile. Numerical results for the wave propagation constants for
various frequencies could be compared to experimental results to see whether
the actual measured cross-power spectral densities give evidence of waves
corresponding to the theoretical predictions. For reasons explained in the
preceding section, such calculations are considerably more difficult than
for stability problem. Nevertheless, such an undertaking would be worthwhile
despite the difficultles anticlpated, becuase even if the validity of the
presently proposed conceptual model should not be confirmed by the results,
the stability characteristics of the turbulent velocity profile would by
itself be extremely interesting and quite relevant to the understanding of
the turbulence problem.
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APPENDIX

SYMBOLS

residue term (equation (54))

wave velocity

wave number ka2 + kz2

wave numbers in x,z directions respectively
differential operator (equation (8))
pressure

triple Fourier transform of pressure
quadratic source term (equation (16))
perturbation velocity vector

Fourier transform of q

Reynolds number

cross-spectral density of surface pressure (equation (50))
power spectral density of q

turbulent stresses

perturbation velocity components

free stream velocity

mean velocity of parallel shear flow
Cartesian coordinates

critical point for wave

wave numbers

complex eigenvalues = QR + iar

3 3 5 4 3 1
Wronskian = P2 Pl - P

f\)"
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orientation angle of wave front

kinematic viscosity

separation distances in x and z directions, respectively

density of fluid
Reynolds stress terms (equation (6))
stream function

frequency
2 32 a2

Laplacian operator = 5+ 5t 5
ox~ Oy~ Oz

Laplacian operator after Fourier transform

- (PP
dy
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